Abstract-The following natural problem, first considered by D. Lau, has been tackled by several authors recently: Let C be a total clone on 2 := {0, 1}. Describe the interval I(C) of all partial clones on 2 whose total component is C. We establish some results in this direction and combine them with previous ones to show the following dichotomy result: For every total clone C on 2, the set I(C) is either finite or of continuum cardinality.
I. PRELIMINARIES
Let k ≥ 2 be an integer and let k be a k-element set. Without loss of generality we assume that k := {0, . . . , k − 1}. For a positive integer n, an n-ary partial function on k is a map f : dom (f ) → k where dom (f ) is a subset of k n , called the domain of f . Let Par (n) (k) denote the set of all n-ary partial functions on k and let Par(k) := n≥1 Par (n) (k). An n-ary partial function g is said to be a total function if dom (g) = k n . Let Op(k) be the set of all total functions on k.
For every positive integer n and each 1 ≤ i ≤ n, let e n i denote the n-ary i-th projection function defined by e n i (a 1 , . . . , a n ) = a i for all (a 1 , . . . , a n ) ∈ k n . Furthermore, let J k := {e n i | 1 ≤ i ≤ n, n ∈ N \ {0}} be the set of all (total) projections.
Partial and total functions on k are composed in a natural way.
We refer the reader to [2] , [8] , [9] for details. other uses the concept of one point extension. These definitions can be found in [8] and in Chapter 20 of [9] . Later on in this paper we will use Mal'cev's elementary operations as described in [8] and [9] .
Examples.
1) For a = 0, 1 let T a be the set of all total functions satisfying f (a, . . . , a) = a, M be the set of all monotone total functions and S be the set of all self-dual total functions on 2. Then T 0 , T 1 , M and S are clones on 2.
2) Let
T 0,2 is a clone on 2 (see Chapter 3 of [9] for details.)
where ¬ is the negation on 2. Then S is a partial clone on 2.
The idea behind the last two examples is formalized as follows.
Definition. For h ≥ 1 and n ≥ 1, let ρ be an h-ary relation on k and f be an n-ary partial function on k. We say that
It is well known (see, e.g., [9] Chapter 20) that pPol ρ is a partial clone called the partial clone determined by the relation ρ.
Note that if there is no h×n matrix M = [M ij ] whose columns M * j ∈ ρ and whose rows M i * ∈ dom (f ), then f ∈ pPol ρ.
Note also that the clone on k determined by the relation ρ is Problem. Let C be a total clone on 2 := {0, 1}. Describe the set of all partial clones on 2 whose total component is C, i.e., describe the set
The same question was asked for clones on the finite set k with k ≥ 2, and results in this direction have been established recently, mainly concerning the maximal clones on k. We refer the reader to Section 20.7 in [9] for details. By Theorem 20.7.2 the set I(C) is an interval for every total clone C on 2.
In this paper we focus our attention to the case k = 2. We give a full classification of all intervals I(C), where C is one of the countably many clones on 2. More precisely, we first show that I(T 0,2 ) is of continuum cardinality on 2. Then we prove that the same result holds for any clone on 2 contained in one of {T 0,2 , T 1,2 }.
Finally we combine these results with previous known results discussed in [8] to prove our main result. We mention in passing that many results in this direction have been obtained by several authors, (see [1] , [3] , [4] , [5] , [6] , [7] , [8] , [13] , [14] , [15] ). The idea behind the proof given in this section comes from [3] and is briefly discussed in [2] .
II. PARTIAL CLONES INTERSECTING
Throughout let k ≥ 4 be an even integer, and set n(k) = k(k + 1) + 1.
Define R k ↑ as the n(k)-ary relation whose members are tuples in which any two 1's are separated by at least one 0 (in particular, the first and last positions cannot be simultaneously 1, since we consider the indices modulo n(k)).
Lemma 3. For every even integer
we have, by the general theory (see e.g., the Representation Lemma 20.3.4 in [9] ) that pPol ρ 0,2 ⊆ pPol R k ↑ , and since clearly T 0,2 ⊆ pPol ρ 0,2 , the result follows.
T and the remaining columns are obtained by applying cyclic shifts to c 1 , i.e., 
Lemma 6. For every even integer
Proof: As in Lemma 3, since 
1's. But this yields the desired contradiction, since all columns of N are members of R k ↓ , and each has at most k 1's. Let R k be the 2n(k)-ary relation given by
Note that each column of M k is a tuple of R k 
III. PARTIAL CLONES INTERSECTING
In this section we show that Theorem 11 holds for every subclone of T 0,2 in L O2 . We will employ a result established in [8] . First we need to recall some notations. We need the following result established in [8] .
Lemma 12. (Theorem 8 [8]) Let C be a clone over 2 and let
I be a nonempty set. Furthermore, let (Q i ) i∈I be a family of subsets of Par(2) such that
Then, for every subclone B of C on 2 and every i ∈ I, we have
We use Theorem 11 and the lemma above to prove our second main result:
be a clone on 2. Then the interval of partial clones I(B) is of continuum cardinality.
Proof: Denote by U 0 the set of all partial functions undefined on (0, . . . , 0), i.e.,
Now in Lemma 12 let C be the clone T 0,2 on 2, I be the set P(E ≥4 ) as defined in the paragraph preceding Theorem 11, and for X ∈ P(E ≥4 ) let Q X := (
We show that the family (Q X ) X∈P(E ≥4 ) satisfies conditions 1), 2) and 3) of Lemma 12.
1) Since U 0 contains no total functions we have
2) It is easy to verify that the sets
e.g., [8] ). We show that
have that (0, . . . , 0) ∈ dom (f g), i.e., f g ∈ U 0 and thus f g ∈ Q X . This shows that Q X is a closed set of Par(2).
and it remains to show that f g ∈ U 0 , i.e., (0, . . . , 0) ∈ dom (f g). was defined, then we would have (0, ..., 0) ∈ dom (f ), a contradiction to f ∈ U 0 . This gives that f g ∈ U 0 and so
The proof of T 0,2 Q X ⊆ Q X is similar.
Now we show that
shown in Section 2 that the partial functions f k are undefined on (0, . . . , 0), thus f k ∈ U 0 for all k ≥ 4. This shows that 
By Lemma 12 we have that |I(B)| ≥ |P(E ≥4
)
IV. COMPLETE CLASSIFICATION OF ALL INTERVALS OF THE FORM I(C)
In this section we use results discussed in [8] and combine them with our results established in the previous sections to complete the classification of all intervals of partial clones of the form I(C) over 2. Let T a (for a ∈ {0, 1}), M and S be as defined in Section 1. Let L be the clone of all linear functions, furthermore for a ∈ {0, 1} and μ ≥ 2 let
Λ be the clone generated by {∧, c 0 , c 1 } and V be the clone generated by {∨, c 0 , c 1 } on 2.
In [8] the authors collect several known results and establish some new ones concerning the intervals I(C) where C is a clone on 2. The following is a conclusion of [8] . 
